Microscale modelling of the deformation of a martensitic steel using the Voronoi Tessellation method by Sun, Fengwei et al.
Microscale modelling of the deformation of a martensitic steel using
the Voronoi Tessellation method
Fengwei Sun, Edward D. Meade, Noel P. O′Dowd∗
School of Engineering, Bernal Institute, University of Limerick, Limerick V94 T9PX, Ireland
Abstract
The deformation of a martensitic steel (P91) at the microscale is investigated using the fi-
nite element method. The approach takes into account the hierarchical grain-packet-block
microstructure of the steel as determined experimentally by electron backscatter diffraction
(EBSD). The orientation relationship for P91 between the prior austenite grain (PAG) and
the martensitic packet/block is determined and found to be consistent with the Kurdjumow-
Sachs (K-S) relationship. This relationship is incorporated within a finite-element model to
represent the material microstructure, using a representative volume element (RVE) gen-
erated by a modified centroidal Voronoi tesselation (VT) approach. A non-linear, rate de-
pendent, finite strain crystal plasticity model is used to simulate the mechanical response of
the material at the micro- and macro-level and the sensitivity of the results to the model
assumptions is investigated. It is found that the global (macro) mechanical response pre-
dicted by the RVE generated using the modified VT model is in good agreement with that
predicted by an RVE taken directly from the measured EBSD microstructure. The influ-
ence of block/packet/grain boundaries on the local (micro) deformation is examined and it
is found that the microscale prediction obtained using the RVE based on the modified VT
microstructure, with an appropriate choice of microstructural parameters, is consistent with
that obtained using the measured EBSD map.
Keywords: Martensite steel; Crystal plasticity; Voronoi tessellation; Microstructure; Finite
element modelling
1. Introduction
High-strength steels, containing between 9 and 12% chromium by weight, are widely used
in current power generation plant due to their characteristics of high creep strength and
excellent corrosion and oxidation resistance [1]. In this work, the micro-mechanical response
of a modified 9Cr steel (P91) with a tempered martensite microstructure is examined [2,
3, 4, 5, 6]. 9Cr steels after rapid quenching from austenite typically form a lath martensite
microstructure [1]. During the transformation from austensite (γ phase) to martensite (α′
phase), each austenite grain, with a face-centered cubic (FCC) structure, is transformed
into a number of packets with body centered cubic (BCC) structure, separated by high
angle boundaries. Each packet is further subdivided into blocks, also separated by high
angle boundaries. A block can be viewed as a single crystal containing dislocations, with
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martensite laths within these blocks distinguished by low angle misorientations [7]. The
mechanical properties of martensitic materials depend strongly on the microstructure, for
example the yield strength and toughness of as-quenched martensite, depend strongly on
packet size [8]. Therefore, the study of the deformation at relevant microstructural length
scales is crucial for the understanding and optimisation of the mechanical properties of these
materials and it is expected that the deformation and failure at the microscopic length scale
(micro-scale) will be strongly influenced by the packet-block morphology.
Martensitic transformation is a diffusionless, shear transformation on habit planes, the
preferred crystallographic planes of the austenite where the martensite crystals form [7]. The
morphology of martensite and the orientation relationship between the prior austenite grain
and the transformed martensite blocks both depend on alloy composition. Generally, lath
martensite forms in low carbon steel with carbon content less than 0.6% [9], with habit planes
close to {111}γ. As carbon content increases to 0.92%, the habit planes approach {225}γ. In
high carbon steels, carbon content up to 1.78%, plate martensite forms and the habit planes
approach {229}γ [10]. It has also been found that other chemical elements, such as Ni, affects
the martensite morphology and habit plane orientation. As the Ni content increases, the
morphology changes from lath to ‘butterfly’ or lenticular (plate) [11]. The habit plane of
butterfly martensite, observed for alloys with Ni content between 17% and 19% and carbon
content less than 0.5% approaches {252}γ [12]. For high Ni content alloys, the martensite
morphology may be lenticular rather than lath, even at low carbon content [13]. A number of
lath martensite steels have been reported to satisfy the Kurdjumow-Sachs (K-S) orientation
relationship [14], e.g. Fe-Si-Mn steel with carbon content less than 0.2%wt [9, 15, 16]. Fe-
28.5%Ni steel [17] forms plate martensite and has been reported to satisfy the Nishiyama-
Wassermann (N-W) orientation relationship [18, 19]. A combination of K-S, N-W and Pitsch
has been used to describe the orientation of the BCC structure in TRIP Steels, based on
electron backscatter diffraction (EBSD) studies [20]. Sonderegger et.al [21] found that a
combination of the K-S and N-W relation could be used to represent the microstructure
of a martensite steel similar to the material of interest here but with 11%Cr content . To
our knowledge no similar studies have been carried out on P91 steel, which is widely used,
particularly in high temperature power plant [22].
Finite-element (FE) models, incorporating a crystal plasticity constitutive model, have
been widely used to investigate the deformation of crystalline materials at the microscale,
with the microstructure modelled by a representative volume element (RVE). This approach
can capture the experimentally observed active slip directions in polycrystalline materials [23]
and can predict lattice rotations that agree well with experimental measurements [24, 25] .
In simulating deformation at the microscale, the microstructural morphology may be deter-
mined directly from experimental measurements (e.g. through electron microscopy and/or
electron backscatter diffraction (EBSD)) or may be generated numerically (e.g. the Voronoi
tessellation (VT) approach [26, 27]). The VT approach is to partition a volume/area into
different regions with polygonal shapes representing equiaxed grains with random crystal
orientation distribution. In our previous work, a combination of the VT approach and FE
simulation was utilized to investigate deformation in austenitic steel in [28] and the evolution
of lattice strain for different crystallographic grain families, measured under uniaxial ten-
sion using in-situ neutron diffraction, was found to be consistent with the model predictions.
Shanthraj et.al [29] developed an integrated framework to examine dislocation interactions at
block and packet boundaries to investigate failure of martensitic steel accounting for the mor-
phology and orientation for a small number of packets/blocks. A dislocation-density based
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crystalline model proposed by Hatem and Zikry [30] was applied to investigate the deforma-
tion and shear strain localization [31] in lath martensitic steel with a small number of prior
austenite grains (PAG). A martensitic steel (M190) and two dual phase ferrite-martensite
steels (DF140T and DP980) have also been analysed using a VT-based approach [32, 33]
and predictions of deformation in micropillar compression tests were compared with exper-
imental data. In [32] it was found from the numerical analysis that deformation associated
with block and packet boundaries contribute significantly to overall strain hardening of the
material. The modelling approach taken here is similar to that in [32, 33]. An equiaxed prior
austenite grain microstructure is partitioned into packets and blocks using a VT approach,
a periodic RVE is then constructed to represent the microstructure of martensite and the
RVE analysed within an FE model. The results obtained from the model constructed in this
fashion are compared with measured tensile test data and with those of an RVE derived di-
rectly from measured block orientations. A systematic study of the influence of packet/block
distribution within the PAGs is carried out to investigate how morphology influences mi-
croscale and macroscale deformation. The paper is laid out as follows: in Section 2, the K-S
orientation relationship for martensite is reviewed. In Section 3, the experimental procedure
to prepare and test the P91 sample is described and it is demonstrated that the K-S rela-
tionship is the most appropriate one to describe the morphology of the modified 9Cr steel
P91. In Section 4, 5 and 6, the modelling results, including comparison with experimental
data, are described. In Section 7, the summary and conclusions of the paper are presented.
2. Crystallographic analysis of orientation relationship between austentite and
martensite
A number of relations have been developed to describe the relationship between the
orientation of a PAG and the newly formed martensite [20]. The difference between these
relationships derives from the different assumptions for the habit plane and directions. Table
1 lists the orientation and habit planes for the most commonly used relationships. An early
Table 1: Crystallographic orientation relationships between prior austenite and martensite
Name Habit plane Direction parallel Number of variant
Bain {100}γ//{100}α′ <100>γ//<110>α′ 3
N-W {111}γ//{110}α′ <112>γ//<110>α′ 12
K-S {111}γ//{110}α′ <110>γ//<111>α′ 24
Pitsch {100}γ//{110}α′ <110>γ//<111>α′ 12
G-T {111}γ : {110}α′ ≈ 1◦ <110>γ : <111>α′ ≈ 2.5◦ 24
attempt to explain the mechanics of martensite transformation during rapid quenching is
the relation proposed by Bain [34]. The martensite α′ phase is considered to be embedded
within the prior austenite γ phase with {100}γ planes parallel to {100}α′ planes and <100>γ
directions parallel to <110>α′ directions. Bain’s approach considered a combination of
contraction and expansion in different directions but did not account for shearing of the
lattice. In order to account for the experimental observation of lattice shear, generating
a large number of dislocations during quenching, Nishiyama-Wassermann (N-W) [18, 19]


















































Figure 1: Schematic of (a) the transformation from austenite to martensite based on the K-S relationship.
Four FCC unit cells (left) and nine BCC unit cells (right) are shown. (b) Projected view of (111)γ and
(011)α′ planes from austenite γ phase transformed to variant 2 (V2 top right) and variant 5 (V5 bottom
right).
K-S relation, the shear direction is changed from <112>γ to <110>γ, leading to a doubling
of the number of possible martensite orientations. The Pitsch relation [35] also assumes
shear along the <110>γ direction, but in this case the habit plane in the γ phase is not a
close packed plane. In a more mathematically complex approach, Greninger and Troiano
(G-T) [36] proposed an irrational crystallographic relation which deviates from low index
planes and directions by several degrees.
The K-S relation is next taken as an example to illustrate the mechanism of the martensite
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transformation. The relation is based on the assumption of the following parallel habit planes
and directions, which are expressed as
{111}γ//{110}α′ , <110>γ//<111>α′ . (1)
The habit planes {111}γ and {110}α′ correspond to the close packed slip planes in the FCC
and BCC lattice, respectively, and the directions <110>γ and <111>α′ are the close packed
directions in the FCC and BCC lattice, respectively.
The transformation mechanism from austenite to martensite in the K-S relation is based
on a shear and rotation, as shown in Fig. 1. In the left figure of Fig. 1(a), four FCC unit
cells are plotted, with the atoms indicated by yellow spheres and the unit cell boundaries by
solid or dashed black lines. During quenching, shear on the habit plane {111}γ transforms
the rhombohedral shaped unit cell, composed of red lines in the left figure of Fig. 1(a) into
a quadrilateral prism, as shown in the right figure of Fig. 1(a). Figure 1(b) shows the same
transformation in top view for clarity. The diamond on the habit plane (left side figure of
Fig. 1(b)) is deformed and the interior angle changes from 60◦ to 70.53◦. In order to ensure
[1̄01]γ//[1̄11̄]α′ , the distorted diamond needs to be rotated clockwise on [011]α′ by 5.27
◦,
as in the upper right figure in Fig. 1(b). Alternatively, the diamond may be rotated anti-
clockwise on [011]α′ , as in the bottom right figure of Fig. 1(b), maintaining [11̄0]γ//[1̄1̄1]α′ .
Figure 1(b) thus illustrates that, due to symmetry in the cubic lattice system, there are two
configurations (known as ‘variants’) which satisfy Eq. 1. In general there are 24 equivalent
martensite ‘variants’, i.e. 24 combinations of habit planes/directions which satisfy the K-S
relation. These variants, V1, V2 · · ·V24 are listed in Table A1 in Appendix A. The two
variants illustrated in Fig. 1(b) are variants V2 and V5. Blocks that are transformed on
the same habit plane can be assembled into a packet, with each PAG containing 4 potential
packets, labelled P1 to P4 in Table A1 and each packet composed of 6 potential variants.
The fifth column in Table A1 provides the misorientation between variant V1 and the other
variants. The misorientation angle ranges from 10.5◦ to 60.0◦ with most of the variant
boundaries being high angle boundaries (> 15◦).
In general the PAG orientation cannot be measured directly. However, since the orienta-
tion of the PAG has a unique relation to that of the martensite blocks, the K-S relationship
can be inverted to provide a unique determination of the PAG orientation from the marten-
site orientation [37]. The details of this transformation are provided in Appendix B.
3. Material and experimental procedure
The material used for this analysis was ex-service P91 steel, extracted from a gas fired
power station during a routine maintenance operation, after a service period of approximately
63,000 hours, cycling between temperatures of 150 ◦C and 450 ◦C. The composition of the
material was examined using energy dispersive X-ray spectrograph (EDS), the results of
which can be seen in Table 2 for the major alloying elements (note that carbon content
cannot be obtained from EDS). From other sources, the carbon content of P91 is determined
to be 0.08-0.12% [38]. For steels with less than 0.6% C content, it has been found that
the stable martensite structure is BCC [39]. Therefore, P91 with 0.08-0.12% C is expected
to be BCC. We have confirmed this from X-ray diffraction measurements using diffraction
pattern analysis, that the lattice parameters for P91 a = 2.8733 Å; b = 2.8757 Å, c =
2.8758 Å(a/b ≈ a/c ≈ 0.999). In order to carry out EBSD measurements, a sample of
this material was manually polished using grind paper grades ranging from P240–P1200,
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followed by polishing using diamond supinations with particle sizes ranging from 1− 0.3 µm
and finally vibratory polishing in a colloidal silica solution.
Table 2: Ex-service P91 composition (average percentage in mass): obtained from four separate EDS scans.
Element Si V Cr Mn Mo C Fe
Content (%) 0.3 0.2 9.1 0.5 1.1 - Bal.
Figure 2: Area of interest marked with nano-indents showing a superimposed EBSD map.
In order to mark the area of examination a 250 × 250 µm square array of nanoindents
was applied to the surface of the sample (this indent spacing was chosen to avoid any local
deformation in the image area due to indentation). The purpose of the nanoindents was to
identify the EBSD scan location for subsequent etching and imaging, as it is not possible
to carry out EBSD on an etched surface. Following nanoindentation, an EBSD map inside
the marked area of the surface was obtained in a Hitachi SU-70 SEM. The scan size was
160× 160 µm using a step size of 0.4 µm; this map can be seen in Fig. 2. Approximately 4%
of the points failed to index and a noise reduction was therefore carried out on the scan which
removed any unindexed points by extrapolating the data from the neighbouring points.
In order to differentiate between a prior austenite grain and a block boundary in the
EBSD scan, the sample was etched using Vilellas reagent (1 g Picric acid, 5 ml HCL, 100 ml
Ethanol) for 50 seconds to reveal PAG boundaries [40]. The SEM images were then taken in
the marked region of the sample to identify individual prior austenite grains and to enable
detailed variant analysis using the EBSD scan.
3.1. Microstructural analysis and application of the K-S relationship to P91
Figure 3 shows an SEM image of P91, with a PAG boundary indicated by the red line.
The PAG grain size is approx. 20 µm, which is consistent with previous values given for 9Cr
steels with grain size ranging from 20 µm to 100 µm depending on the heat treatment and
service history [41, 42, 3, 43].
A (001) pole figure of the PAG outlined in Fig. 3 is shown in Fig. 4. The red circles in
Fig. 4(a) are the martensite orientations determined from the Bain relation while the smaller
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Prior austenite grain boundary
Figure 3: SEM image of martensite in P91, the red curve outlines a representative PAG.
blue dots are the orientations as determined from the EBSD analysis. The Pitsch, N-W and
K-S orientations are provided in Fig. 4(b)–(d), respectively. It may be seen in Fig. 4(d) that
the measured block orientations are closely matched by the predicted orientations in the K-S
relation. It may also be noted that misorientation between laths within the same block can
be as large as 5◦ [15] which is representative of the variation seen in the pole plot of Fig. 4.
Figure 5 provides a full map of the variants within the PAG identified in Fig. 3. Fig-
ure 5(a) shows the inverse pole figure (IPF) of the selected area taken from the EBSD scan.
The spatial resolution of the EBSD scan is 0.4 µm. The boundaries plotted by the blue
curves in Fig. 5(b), are those with misorientation angle larger than 8◦ in order to identify
the variants within the PAG. It may be noted that only 14 out of 24 potential variants are
identified in Fig. 5(b). This is consistent with measurements in other martensitic steel, such
as Fe-Si-Mn steel [16], where it was noted that all 24 variants do not necessarily appear
in one PAG. Additional measurements have been carried out on a number of other grains
within the region illustrated in Fig. 3, which have not been included in the interests of space.
The trends observed are identical to those shown in Fig. 4 confirming that the K-S relation
can be used to describe the orientation relation between PAG/packet/block in P91 and will
be used in the subsequent analysis. It should be noted that this result is in contrast to the
result of [21] which used a combination of the K-S and N-W relation for a similar Cr steel
but with a higher Cr content. Our results suggest that using such a combination will not
give an improved representation of the block orientations for P91 and the use of the K-S
relation alone is sufficient.
4. Voronoi tessellation method for model generation
Figure 6 illustrates an idealised representation of the packet-block structure within a
PAG. The polygon enclosed by the black lines represents the PAG which is divided into
three packets. In Fig. 6, the size of the PAG is denoted as D. The average number of
packets within a PAG is denoted as ρp and the average number of blocks within a packet is


















Figure 4: (001) Pole figure of the martensite within the PAG boundary as shown in Fig. 3. The circle
symbols indicate the crystallographic orientations calculated with (a) Bain, (b) Pitsch, (c) N-W and (d) K-S
relationship.
orientation of each block is taken to be uniform and given by the K-S relation. Previous work
on P91, eg [44], has determined that austenite is completely transformed to martensite during
cooling due to the high martensite start temperature (Ms = 393–395
◦ C, [44] ). Therefore we
examine a fully transformed microstructure from FCC austenite to packets/blocks of BCC
martensite.
The model is two dimensional (2D), though can be extended to three dimensional (3D)
without loss of generality. The centroidal VT method [45] is used to partition the area into
polygonal regions with randomly assigned orientation to represent the PAG. The generated











































Figure 5: Inverse pole figure (IPF) map of martensite structure in P91. The solid curves indicate block
boundaries and the labelled numbers correspond to variant numbers.







Figure 6: Schematic of PAG/packet/block structure. Blue solid lines represent packet boundaries, while red
dashed lines are block boundaries. PAG size is denoted as D.
block is assigned a variant number randomly following Table A1, so, the orientation of blocks
can be determined directly from the PAG orientation. This is a different approach from [32]
where the PAG distribution is obtained using a simulated annealing model [46] and the
packet/block morphology generated by the L∞ VT model. The current approach provides
more control over the packet/block shapes and the resultant microstructures are somewhat
more consistent with experimental observations. In 3D Voronoi tessellation, polyhedrons can
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Figure 7: Inverse pole figure of (a) martensite structures taken by EBSD technique and (b) with VT method
within one prior austenite grain. The profile of misorientation between adjacent points along line AB with
(c) EBSD technique and (d) VT method.
be partitioned into packets and blocks with orientations assigned to each block following the
K-S relation. The final morphology of the martensite can be laths (as in this case), plate,
lenticular or butterfly [48].
Figure 7(a) shows the IPF colour map of the selected PAG taken directly from the EBSD
scan (as in Fig. 5(a)). It may be noted that the block widths within the PAG are not
constant. Figure 7(b) shows the corresponding IPF map generated by the VT model in
conjunction with the K-S relation. In the latter, the block width is related directly to the
PAG size through the fixed values ρp and ρb (here ρp = 4, ρb = 5). Figure 7(c) and (d) show
the misorientation angle between adjacent points along the line AB of Fig. 7(a) and Fig. 7(b),
respectively. It may be seen that the generated (VT) profile is consistent with the measured
(EBSD) map, with a similar distribution of high angle grain boundaries, demonstrating that
the extended VT approach can be used to provide an accurate representation of the measured
martensitic microstructure of P91.
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5. Finite element model
5.1. Crystal Plasticity Constitutive Model
The material behaviour at the microscale is represented using a rate dependent, finite
deformation crystal plasticity formulation. The crystal plasticity model used was originally
developed by Busso [49, 50, 51] and has been used in [27, 28, 52, 53, 54] in the study of
austenitic and martensitic steels. The deformation gradient F is decomposed into Fe and
Fp[55, 56] in Eq.2,
F = Fe · Fp (2)
where Fe represents elastic deformation while Fp is the deformation gradient due to plastic
deformation. With a slip system denoted as (m,n), where m is the unit vector in the slip
direction and n is the unit normal vector on the slip plane of the undeformed lattice, the
rate of plastic deformation, Ḟp [57] may be obtained from




where γ(α) is the shear rate on slip system α, and n is the number of active slip systems.
The thermally activated flow rule developed by Busso et.al [49] is employed as follows













0 x ≤ 0
, (4)
In Eq. 4, τα is the resolved shear stress and Sα represents the athermal component of the
flow stress or overall slip resistance; T is the absolute temperature and k is the Boltzmann
constant. The material constants are: γ̇0, p and q, the pre-exponential constant and expo-
nents, respectively; F0, the total free energy required to overcome the lattice resistance; τ̂0,
the lattice friction stress (critical shear stress) at 0 K; µ0, the shear modulus at 0 K and µ











where hαβ is the hardening matrix, S0 and Ssat are the initial value and saturated value of
the slip resistance, respectively.
hαβ = hs[w1 + (1− w2)δαβ] (6)
where hs is a material constant, δαβ the Kronecker delta and the values of w1 and w2 reflect
the hardening behaviour of the material. The hardening matrix hαβ captures the cross
hardening due to interaction between slip systems α and β. The accumulated equivalent
























γ̇(α)[Fe ·mn · (Fe)−1 + (Fe)−T · nm · (Fe)T]
(8)
The crystal plasticity model has subsequently been extended to incorporate the evolution of
geometrically necessary dislocations (GNDs) due to gradients of plastic strain and statisti-
cally stored dislocations (SSDs), based on generation and recovery mechanisms, see [58, 59].
In [58], it has been found that strain gradient effects on deformation are not significant at the
block length scale (> 1 µm) and thus are not included in the current work. Future work will
incorporate the effect of strain gradient plasticity in the model and effects on microstructural
damage evolution [60].
5.2. Definition of representative volume element (RVE) in the finite-element model
In order to investigate the tensile behaviour of the material using the microstructural
model, a sensitivity study in relation to representative volume element (RVE) size is first
carried out. The macroscopic behaviour of P91 is isotropic, therefore block orientations
should be equally distributed, provided the sample size is large enough. Orientation data
can be represented statistically through the orientation distribution function (ODF) [61],








where oi is the orientation matrix of an individual data point, o
−1
j is the inverse of the
orientation matrix of any other data point and M is the number of data points. The term
oio
−1
j is the misorientation matrix and the function ϕ is a radially symmetric, unimodal
model ODF [62], which is based on the kernel density estimation. Figure 8 shows the ODF
Table 3: Standard deviation of ODF (SODF) for scanned areas.
Area (µm2) 25× 25 50× 50 100× 100 150× 150
SODF 1.14 0.81 0.38 0.32
for different sized EBSD scan areas. The scanned areas in Fig. 8(a)–(c) are subsets of the
largest area in Fig. 8(d). The lower images in Fig. 8 show the corresponding IPF of each
scanned area. As the scan area increases, the ODF becomes more uniform. In order to
quantify the change in ODF with increasing scan areas from Fig. 8(a) to (d), the standard
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Figure 8: Orientation distribution function (upper figure) of the scanned area (As) with EBSD technique
(lower figures); As = (a) 25× 25 µm2, (b) 50× 50 µm2, (c) 100× 100 µm2 and (d) 150× 150 µm2. The scale
bar underneath the EBSD map in (a) represents 10 µm.
where f(o) is the average value of f(oi), N is the total number of points within the ODF
region. Table 3 shows that the magnitude of SODF decreases as the scanned area increases
and the value approaches zero for the largest scan size. The scanned area chosen in the
EBSD map is therefore 100 µm × 100 µm. This is consistent with the RVE size chosen in
Li [58] based on a finite-element analysis of RVEs of increasing size. In the current analysis
RVEs using the scan in Fig. 8(c) and (d) were analysed and the maximum stress difference
between the two RVEs was less than 1%. It may also be noted that based on a measured
mean PAG size of 19 µm this implies that a minimum of 30 PAGs are required to obtained
a statistically relevant result.
6. Finite-element analysis
6.1. Finite-element RVE design and mesh sensitivity analysis
Two classes of RVE have been generated in the analysis—one, subsequently referred to as
the EBSD model, which is based on the measured crystallographic orientations in Fig. 9(a)
and one, subsequently referred to as the VT model, which is generated using the VT model,
described in Section 4 and illustrated in Fig. 9(b). In Fig. 9(a) a prior austenite grain
is indicated by the white boundary and block boundaries (based on misorientation angle
≥ 8◦ in the EBSD scan) are indicated by black lines. There are 50 PAGs in the VT model
illustrated in Fig. 9(b), with ρp = 4 and ρb = 5, PAG boundaries are indicated by white
lines in Fig. 9(b); block/packet boundaries by black lines. It has been found that 50 PAGs
are sufficient to provide a result which is independent of the number of PAGs in the RVE
at the macro- and micro-scale, see Appendix C and this is consistent with a minimum of
30 PAGs from the ODF analysis (in Fig. 8). The RVE geometry is two dimensional, with
out-of-plane deformations incorporated through the use of 3D elements (C3D8 in Abaqus)








Figure 9: IPF colour map for P91 (a) using EBSD scan technique and (b) generated by the VT model.
conditions to achieve uniaxial tension loading [63] are shown in Fig. 10. A displacement u2
is applied on the top left corner. The conditions on the left and right boundary are:
u(0, y, 0)− u(0, 0, 0) = u(w, y, 0)− u(w, 0, 0), (11)
where u is the nodal displacement vector and w is the width of the RVE. The conditions on
the top and bottom boundary are:
u(x, h, 0)− u(0, h, 0) = u(x, 0, 0)− u(0, 0, 0), (12)
where h is the height of the RVE. The boundary conditions for the front and back faces are:
u(x, y, c)− u(0, 0, c) = u(x, y, 0)− u(0, 0, 0). (13)
where c is the thickness of the RVE. The node located at (w, 0, 0) is fixed in the y direction
to suppress rigid body displacement and rigid body rotation about the z axis; the node at
location (0, 0, c) is fixed in the x and y direction to suppress rigid body displacement and
rigid body rotation about the x and y axis. In the out-of-plane direction the mesh has
Table 4: Mesh sensitivity study with VT model; stress error is calculated at ε = 5%
Number of elements 104 2× 104 3× 104 4× 104 5× 104 9× 104
Stress error
σRVE (%) 2.0 0.5 0.4 0.3 0.2 −
σb (%) 12.7 1.4 1.2 0.4 0.0 −
one-element thickness, representing the grains as columnar in the out-of-plane direction. It
has been demonstrated that this method is effective in modelling the mechanical response
of this material [52] under in-plane loading and similar results have been obtained using this
approach when compared to 3D meshes loaded in-plane [52]. In [64], comparisons have also









Figure 10: Periodic boundary conditions applied on the RVE.
In these simulations ([64]) plane strain elements were used in the 2D models which would be
expected to over-constrain the out of plane displacement. The comparison found that while
the predicted strain patterns were similar in the 2D and 3D analyses, the 2D simulations
tended to predict higher levels of plastic strain. Thus, we expect that our 2D simulations will
predict the correct trends in terms of deformation patterns, although the predicted strain
magnitudes may be higher than those that would be predicted in a full 3D simulation.
In the FE model obtained from the EBSD map, the mesh size is the same as the pixel size
in the EBSD map (0.4 µm giving a total of 62,500 2D elements). Thus each measured orien-
tation point in the EBSD map is represented by a single element. Since the FE predictions
may depend on the mesh refinement, a mesh sensitivity study is conducted to investigate
the rate of convergence of the VT model. The number of elements ranges from about 104 to
9 × 104 with average element size ranging from 1.0 µm to 0.3 µm, respectively. The stress
difference (relative to the finest mesh) obtained from increasing the mesh refinement is illus-
trated in Table. 4. The difference is presented in terms of the average (macroscopic) stress
at an applied strain of ε = 5%, designated σRVE in Table. 4 and in terms of the maximum
normal stress (σ22) within a block, designated σb in Table. 4. At a macroscopic strain of
ε = 5%, the average (macroscopic) stress is approx. 470 MPa, while the maximum stress
within a block (averaged over the block) is approx. 660 MPa. Based on this convergence
study, the 40,000-element mesh with average element size 0.5 µm is used in the subsequent
finite-element VT analysis.
6.2. Finite-element results
Figure 11 shows true stress versus true strain data for P91 under uniaxial tension at
different temperatures (i.e. room temperature (RT), 500 ◦C and 600 ◦C) for the strain rate
ε̇ = 0.025%/s. The experimental data are represented by symbols and the corresponding
predictions from the RVE models are shown as solid lines. The parameters in the crystal
plasticity model were calibrated based on the experimental data at 500 ◦C, and provide a
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Figure 11: Predicted stress versus strain curve using EBSD and VT model (ρp = 4; ρb = 5) compared with
those of experimental data at different temperatures.
crystal plasticity model are listed in Table 5. The same values were used for the EBSD
and VT models. The flow rule parameters are kept constant over the temperature range,
while the elastic constants E100 and G100 are temperature dependent. At RT, the material
is characterized by high initial strain hardening and the model does not predict well in
this region, using the current parameters. However, the model accurately predicts the high
temperature behaviour T ≥ 500 ◦C, which is the temperature range of most relevance for
this material. (In this paper, the temperature of interest is T = 500 ◦C.) Neither the EBSD
or VT model captures the precise details of the material behaviour close to yield at at this
temperature, but provide an excellent representation at higher strains (ε > 2%) which is
the region of interest in this work. Moreover, it may be noted that the prediction from the
EBSD model and VT model are almost indistinguishable—the stress difference at ε = 5% is
approx. 0.5%.
Table 5: Material constants used in the model.
T E100 G100 G0 τ̂0 S0 Ssat hs γ̇0 F0 p q
◦ C GPa GPa GPa MPa MPa MPa MPa s−1 (×10−18) J - -
RT 92 106
140 532 38 250 40 450 0.43 0.5 1.25500 97 121
600 72 91
Based on Fig. 11, the VT model can be used to predict the global stress and strain re-
sponse of martensitic materials incorporating microstructural information at the block level.








Figure 12: The contours are plotted at ε = 5%. The left columns are for the EBSD model (a) normal
stress σ22, (c) von Mises stress and (e) accumulated plastic strain. The right columns are for the VT model
(ρp = 4; ρb = 5), (b) normal stress σ22, (d) von Mises stress and (f) accumulated plastic strain.
tributions are plotted over the full RVE region (100 µm × 100µm). Figure 12(a) and (b)
show distributions of normal stress σ22 at ε = 5% from the EBSD and VT models, respec-
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tively. The corresponding macroscale (average) stress is 470 MPa (see Fig. 11). As seen in
related studies incorporating material microstructures within finite-element studies [54, 58]
the stress distributions are strongly inhomogenous with significant stress variation within
the RVE (300 MPa < σ22 < 600 MPa). It is expected that such stress (and strain) inhomo-
geneity will lead to damage and crack initiation in the material [27] and thus it is important
that they are accurately represented by the computational model. Similar trends are seen
for the von Mises stress in Figs. 12(c) and (d). The accumulated plastic strain contours
in Figs. 12(e) and (f) indicate the formation of intense shear bands with local strain levels
exceeding 10%. These bands are observed in both EBSD and VT models.
6.3. Influence of VT model parameters
In this section, a systematic study is conducted to investigate the effect of block, packet
and PAG size on the mechanical response. As a standard crystal plasticity model is used
(the current model does not allow for length scale effects through, e.g. strain gradient
plasticity [58]), the results do not depend on the absolute size of PAGs/packets/blocks. Our
previous work has shown that at these length scales (i.e. at the block level) the influence of
strain gradient on local deformation is weak [58]. However, the results are expected to be
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Figure 13: Stress versus strain curve using the VT model for (a) ρp = 1 and (b) ρp = 4.
As in the previous section, the starting point is an RVE with 50 PAGs. For the simplest
case, ρp = 1 and ρb = 1 which implies that the transformed PAG consists of a single packet
and block. A similar VT model (with ρp = ρb = 1) was examined in [52, 27] in a study of
the lattice deformation and damage evolution of austenitic stainless steel and more recently
in [54] in a study of martensitic steel. Figure 13 shows the stress strain curves for two
values of ρp and three values of ρb . The calibrated material parameters from the previous
analysis have been used. It may be seen that the macroscale predictions from all models are






Figure 14: Normal stress, σ22 for (a) ρb = 1, (b) ρb = 2 and (c) ρb = 5 with constant ρp = 1 and (d) ρb = 1,
(e) ρb = 2 and (f) ρb = 5 with constant ρp = 4 at ε = 5%.
indicates that the existence of block/packet boundaries has little to no effect on the overall
(macroscopic) stress-strain response of this material.
Figure 14 shows the comparison of the local stress distribution σ22 for the different
martensite morphologies (the case ρp = 4; ρb = 5 is also shown in Fig. 12b). It may be seen
that at a local level the distributions of stress are considerably different for the different
morphologies. For example, the coarsest microstructure ρp = 1; ρb = 1 indicates that there
are large areas of high local stress and plastic strain, which are likely to be regions of
crack initiation. It is clear therefore, that to correctly characterise the local behaviour and
identify fracture initiation sites, an accurate representation of the block/lath microstructure
is required. This trend will be further explored in future work, where an explicit failure
condition (e.g. [27]) will be introduced into the model. It may also be noted that the
predictions of the finest microstructure (ρp = 4; ρb = 5) best match the strain distribution
obtained using the EBSD map (see Fig. 15 (f) and Fig. 12(e)) though the agreement with
the normal stress distribution is less good than that obtained for equivalent plastic strain
(see Fig. 14 (f) and Fig. 12(a)).
The existence of regions of intense plastic strain (shear bands) may be seen in Fig. 15.
Strain localization in these shear bands will promote failure at the microscale (see e.g. [31]).
It is expected that morphologies which promote a greater level of stress/strain localization






Figure 15: Accumulated plastic strain pattern for (a) ρb = 1, (b) ρb = 2 and (c) ρb = 5 with constant ρp = 1
and for (d) ρb = 1, (e) ρb = 2 and (f) ρb = 5 with constant ρp = 4 at ε = 5%.
ds
(a) (b)
Figure 16: Definition of shear band within which accumulated plastic strain is above 9% (red region in
contour plot) for (a) VT model (ρp = ρb = 1) (b) EBSD model; ds is denoted as the shear band width.
White lines indicate PAG boundaries.
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different morphologies with each other and with that obtained for the experimentally mea-
sured morphology, we consider the average shear band width determined for each simulation.
Figure 16(a) and (b) define the shear band width, denoted as ds, corresponding to the VT
model (with ρp = ρb = 1) and the EBSD model, respectively. The shear band is characterized
by regions of continuous accumulated plastic strain greater than 9%. To obtain an average
value over the RVE, four shear band widths are measured at a global strain of ε = 5%, as
indicated in Fig. 16. Figure 17 shows the values of ds/D as a function of the parameters
ρp and ρb (since there is no physical length scale in the material model, normalized values
are compared in the figure). The error bars indicate the variability of the shear band width
within the RVE for each case, which decreases with increasing ρp and ρb. The dashed line
in the figure indicates the average value from the EBSD simulation (ds/D = 0.076± 0.007).
It may be seen that the shear band width is around 55% of the PAG size for the coarsest
microstructure, while for the finest microstructure in the current study, the ratio is less than
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Figure 17: The ratio of shear band width over the PAG size (ds/D) as a function of (a) ρp and (b) ρb.
Results are presented for macroscopic strain of 5% in each case.
Further work is required to identify appropriate values of ρp and ρb which can precisely
capture the local deformation obtained from the EBSD map including the shear band width,
ds, but it is clear that the finer microstructures (larger values of ρp and ρb) most closely
represent the predictions from the EBSD model. While the most representative values for
stress/strain distribution are expected to be obtained from the EBSD model, the benefit
of the VT model and a key objective of this work is that it allows a systematic study of
microstructural parameters in the mechanical response of the material, as shown by the
results in this section, and can be used to study for example the influence of heat treatments
on mechanical response of martenistic steels.
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7. Conclusions
The microstructural morphology of ex-service martensite P91 is investigated using scan-
ning electron microscope (SEM) and electron backscatter diffraction (EBSD). A representa-
tive volume element (RVE) based on both the EBSD map and generated through a modified
Voronoi tessellation (VT) method is examined. Results have shown that:
• The orientation of martensite blocks and prior austenite grains (PAG) in the modified
9Cr steel P91 closely follows the Kurdjumow-Sachs (K-S) relationship.
• The orientation distribution function (ODF) can be used as a criterion to determine
the minimum RVE size to accurately capture material deformation.
• Through the use of the VT model we have demonstrated that block and packet bound-
aries do not affect the global material behaviour, but strongly influence the local re-
sponse and a correct prediction of fracture initiation at the microscale requires an
accurate representation of packet/block boundaries.
• The predicted ratio of shear band width over the PAG size decreases as the number of
packets per PAG (ρp) and number of blocks per packet (ρb) increase and approaches
the value obtained from the EBSD simulation.
• Future work will consider the effect of incorporating strain gradient plasticity following
the approach of [58] (thus introducing an explicit length scale dependence within the
material model) and the use of the VT model to predict damage initiation and evolution
at the microscale in martensitic steels such as P91.
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[20] K. Verbeken, L. Barbé;, D. Raabe, Evaluation of the crystallographic orientation rela-
tionships between FCC and BCC phases in trip steels, ISIJ Int. 49 (2009) 1601–1609.
[21] B. Sonderegger, S. Mitsche, H. Cerjak, Martensite laths in creep resistant martensitic 9-
12Cr steels–calculation and measurement of misorientations, Mater. Charact. 58 (2007)
874 – 882.
[22] Johnzactruba, S. Lamar, P91-the workhorse of the power industry,
2011. URL: http://www.brighthubengineering.com/power-plants/
64886-the-workhorse-of-the-power-industry-p91/.
[23] F. Dunne, A. Wilkinson, R. Allen, Experimental and computational studies of low cycle
fatigue crack nucleation in a polycrystal, Int. J. Plast. 23 (2007) 273 – 295.
[24] F. P. E. Dunne, R. Kiwanuka, A. J. Wilkinson, Crystal plasticity analysis of micro-
deformation, lattice rotation and geometrically necessary dislocation density, Proc. R.
Soc. A (2012).
[25] T. Zhang, D. M. Collins, F. P. Dunne, B. A. Shollock, Crystal plasticity and high-
resolution electron backscatter diffraction analysis of full-field polycrystal Ni superalloy
strains and rotations under thermal loading, Acta Mater. 80 (2014) 25 – 38.
[26] A. Okabe, B. Boots, K. Sugihara, S. N. Chiu, Spatial tessellations: concepts and appli-
cations of Voronoi diagrams, volume 501, John Wiley & Sons, 2009.
[27] D.-F. Li, C. M. Davies, S.-Y. Zhang, C. Dickinson, N. P. O’Dowd, The effect of prior de-
formation on subsequent microplasticity and damage evolution in an austenitic stainless
steel at elevated temperature, Acta Mater. 61 (2013) 3575 – 3584.
[28] H. Li, M. Fu, J. Lu, H. Yang, Ductile fracture: Experiments and computations, Int. J.
Plast. 27 (2011) 147 – 180.
[29] P. Shanthraj, M. Zikry, Microstructurally induced fracture nucleation and propagation
in martensitic steels, J. Mech. Phys. Solids 61 (2013) 1091 – 1105.
[30] T. Hatem, M. Zikry, Dislocation density crystalline plasticity modeling of lath marten-
sitic microstructures in steel alloys, Philos. Mag. 89 (2009) 3087–3109.
[31] T. Hatem, M. Zikry, Dynamic shear–strain localization and inclusion effects in lath
martensitic steels subjected to high pressure loads, J. Mech. Phys. Solids 58 (2010)
1057 – 1072.
[32] H. Ghassemi-Armaki, P. Chen, S. Bhat, S. Sadagopan, S. Kumar, A. Bower, Microscale-
calibrated modeling of the deformation response of low-carbon martensite, Acta Mater.
61 (2013) 3640 – 3652.
[33] P. Chen, H. Ghassemi-Armaki, S. Kumar, A. Bower, S. Bhat, S. Sadagopan, Microscale-
calibrated modeling of the deformation response of dual-phase steels, Acta Mater. 65
(2014) 133 – 149.
[34] E. C. Bain, N. Dunkirk, The nature of martensite, trans. AIME 70 (1924) 25–47.
24
[35] W. Pitsch, Der orientierungszusammenhang zwischen zementit und austenit, Acta
Metall. 10 (1962) 897 – 900.
[36] A. B. Greninger, A. R. Troiano, The mechanism of martensite formation, trans. AIME
185 (1949) 590–598.
[37] M. Holzweissig, D. Canadinc, H. Maier, Computation of parent austenite grain orien-
tation from product grain orientations upon displacive phase transformations, Modell.
Simul. Mater. Sci. Eng. 21 (2013) 085009.
[38] Standard Specification for Seamless Ferritic Alloy-Steel Pipe for High-Temperature Ser-
vice (ASTM A335 / A335M), Technical Report, 2015. URL: https://www.astm.org/
Standards/A335.htm.
[39] O. D. Sherby, J. Wadsworth, D. R. Lesuer, C. K. Syn, Revisiting the structure of
martensite in iron-carbon steels, Mater. Trans. 49 (2008) 2016–2027.
[40] M. M. E. Rayes, E. A. El-Danaf, A. A. Almajid, Characterization and correlation
of mechanical, microstructural and ultrasonic properties of power plant steel, Mater.
Charact. 100 (2015) 120 – 134.
[41] F. Abe, S. Nakazawa, H. Araki, T. Noda, The role of microstructural instability on
creep behavior of a martensitic 9Cr-2W steel, Metall. Trans. A 23 (1992) 469–477.
[42] R. Bonadé, P. Spätig, R. Schäublin, M. Victoria, Plastic flow of martensitic model
alloys, Mater. Sci. Eng., A 387389 (2004) 16 – 21. 13th International Conference on the
Strength of Materials.
[43] H. Li, D. Mitchell, Microstructural characterization of P91 steel in the virgin, service ex-
posed and post-service Re-normalized conditions, steel research international 84 (2013)
1302–1308.
[44] M. Santella, R. Swindeman, R. Reed, J. Tanzosh, Martensite formation in 9Cr-1Mo
steel weld metal and its effect on creep behavior, in: EPRI Conference on 9Cr Materials
Fabrication and Joining Technologies, Citeseer, 2001.
[45] Q. Du, V. Faber, M. Gunzburger, Centroidal voronoi tessellations: Applications and
algorithms, SIAM Rev. 41 (1999) 637–676.
[46] D. M. Saylor, J. Fridy, B. S. El-Dasher, K.-Y. Jung, A. D. Rollett, Statistically repre-
sentative three-dimensional microstructures based on orthogonal observation sections,
Metall. Mater. Trans. A 35 A (2004) 1969–1979.
[47] D.-F. Li, N. P. O’Dowd, On the evolution of lattice deformation in austenitic stainless
steels–The role of work hardening at finite strains, J. Mech. Phys. Solids 59 (2011) 2421
– 2441.
[48] T. Maki, Microstructure and mechanical behaviour of ferrous martensite, in: Materials
Science Forum, volume 56, Trans Tech Publ, 1990, pp. 157–168.
[49] E. P. Busso, F. A. McClintock, A dislocation mechanics-based crystallographic model
of a B2-type intermetallic alloy, Int. J. Plast. 12 (1996) 1 – 28.
25
[50] E. Busso, F. Meissonnier, N. O’Dowd, Gradient-dependent deformation of two-phase
single crystals, J. Mech. Phys. Solids 48 (2000) 2333 – 2361.
[51] L. Zhao, N. O’Dowd, E. Busso, A coupled kinetic-constitutive approach to the study
of high temperature crack initiation in single crystal nickel-base superalloys, J. Mech.
Phys. Solids 54 (2006) 288 – 309.
[52] D.-F. Li, N. P. O’Dowd, C. M. Davies, S.-Y. Zhang, Microscale prediction of deformation
in an austenitic stainless steel under uniaxial loading, Eur. J. Mech. A. Solids 30 (2011)
748 – 760.
[53] B. Golden, Micromechanical modelling and testing of power plant steel, Ph.D. thesis,
Mechanical, Aeronautical and Biomedical Engineering, Facalty of Science and Engineer-
ing, University of Limerick, 2016.
[54] B. Golden, D. Li, N. O’Dowd, P. Tiernan, Microstructural modeling of P91 martensitic
steel under uniaxial loading conditions, J. Pressure Vessel Technol. 136 (2014) 021404.
[55] D. Peirce, R. Asaro, A. Needleman, An analysis of nonuniform and localized deformation
in ductile single crystals, Acta Metall. 30 (1982) 1087 – 1119.
[56] D. Peirce, R. Asaro, A. Needleman, Material rate dependence and localized deformation
in crystalline solids, Acta Metall. 31 (1983) 1951 – 1976.
[57] J. Rice, Inelastic constitutive relations for solids: An internal-variable theory and its
application to metal plasticity, J. Mech. Phys. Solids 19 (1971) 433 – 455.
[58] D.-F. Li, B. J. Golden, N. P. O’Dowd, Multiscale modelling of mechanical response
in a martensitic steel: A micromechanical and length-scale-dependent framework for
precipitate hardening, Acta Mater. 80 (2014) 445 – 456.
[59] F. Meissonnier, E. Busso, N. O’Dowd, Finite element implementation of a generalised
non-local rate-dependent crystallographic formulation for finite strains, Int. J. Plast. 17
(2001) 601 – 640.
[60] F. Sun, N. P. O′Dowd, Microscale modelling of the effect of packet and block boundaries
on the damage of martensitic steel, in progress (2017).
[61] E. Parzen, On estimation of a probability density function and mode, Ann. Math. Stat.
33 (1962) 1065–1076.
[62] F. Bachmann, R. Hielscher, H. Schaeben, Texture analysis with mtex–free and open
source software toolbox, in: Solid State Phenomena, volume 160, Trans Tech Publ,
2010, pp. 63–68.
[63] A. Keane, C. McCarthy, N. O’Dowd, The effect of matrix non-linearity on the properties
of unidirectional composite materials for multi-scale analysis, in: Proceedings of the
Eighth International Conference on. Computational Structures Technology., 2008.
[64] M. Knezevic, B. Drach, M. Ardeljan, I. J. Beyerlein, Three dimensional predictions of
grain scale plasticity and grain boundaries using crystal plasticity finite element models,
Computer Methods in Applied Mechanics and Engineering 277 (2014) 239 – 259.
26




Table A1: 24 Variants in the K-S relationship.
Plane Parallel Variant Direction Parallel Packet misorientation angle (◦)







































This Appendix discusses the inversion of the orientation relationship as discussed in
Section 2. Following the approach of [17], the orientation of a crystal is expressed as a 3 ×
3 matrix g in Eq. 14.
g =
cosα1 cos β1 cos γ1cosα2 cos β2 cos γ2
cosα3 cos β3 cos γ3
 =
u/N1 q/N2 h/N3v/N1 r/N2 k/N3
w/N1 s/N2 l/N3
 (14)
The first column corresponds to the cosine values between the X direction of the crystal and
the X, Y, Z (or RD, TD, ND) directions of the specimen. The constants Ni are the lowest
common denominators to normalize the columns of the matrix. The last column corresponds
to the cosine values between the Z direction of the crystal and the X, Y, Z (or RD, TD,
ND) directions of specimen. The second column [q/N2, r/N2, s/N2]
T corresponds to the Y
direction in the crystal’s coordinate system (i.e. [qrs] = (hkl)× [uvw]).
The orientation described by Eq. 14 is conventionally written as (hkl)[uvw]. For instance,
the crystal orientation denoted as (001)[100] represents a unit matrix in the notation of
Eq. 14. Since the coordinate system in the austenitic FCC structure is different from that
in the martensitic BCC structure (see Fig. 1) a transformation matrix (T) is needed:
Mi = TiAi i ∈ {1, . . . ,Nv}, (15)
where Mi and Ai are the orientation matrices of the same variant in the BCC and FCC
coordinate system, respectively, and Nv is the number of variants (equal to 3, 12, 12 and 24,




i , i ∈ {1, . . . ,Nv}. (16)
where Ai and Mi are constructed in accordance with Table A1 for the K-S relation.
For example, for the case of a PAG with orientation (001)[100] (designated A′(001)[100]),
the orientation matrix of each of the potential variants is given by
M′i = CnTiA
′
(001)[100] i ∈ {1, . . . , Nv}, (17)
where Cn is one of 24 symmetry operation matrices for a cubic system [65]. Out of the
24 possible choices for Cn, the orientation matrix M
′
i for each variant is the one that gives
the smallest rotation angle in the axis/angle description for M′i [17]. In order to match the
experimental pole figure and to thus determine the PAG orientation, an additional rotation
gγ (as defined in Eq. 14) is applied to M
′
i. From the experimental viewpoint, the data
obtained for a particular PAG are the Euler angles of each block, as discussed in Section 2.
A particular block may be any variant out of the total number (24 in the K-S relation). M′i
is obtained from Eq. 17 and choosing gγ to best match the experimental pole figure (e.g.
Fig. 4), the PAG orientation can be determined.
Appendix C
This Appendix discusses the number of prior austenite grains (PAGs) required within
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Figure 18: Stress versus strain curves for (a) 20 PAGs (b) 50 PAGs and (c) 200 PAGs.
independent of the number of PAGs. The number of PAGs chosen in this analysis is 20, 50
and 200, with ρp = ρb = 1, i.e. one packet per PAG and one block per packet. In each case
we examine four different orientation distributions for the PAGs.
Figure 18a shows the stress strain curves for the VT model containing 20 PAGs for each
of the four orientations. It is seen that at the macroscale, the dependence on orientation is
significant for this case. The average yield stress is 442 MPa with a standard deviation (SY )
of 18 MPa. When the number of PAGs increases to 50, the mean value is almost unchanged
at 443 MPa, with the SY decreasing to 5 MPa, as shown in Fig. 18(b). When the number
of the PAGs increases to 200, the four curves are almost identical with average yield stress
= 443 MPa and SY = 2.6 MPa.
(a) (b)
Figure 19: Accumulated plastic strain for the RVE with (a) 50 PAGs and (b) 200 PAGs at ε = 5%. The
black lines represent shear bands.
The accumulated plastic strains in the RVEs with 50 PAGs and 200 PAGs are shown in
Fig. 19(a) and (b), respectively, for one orientation distribution in each case, to examine the
difference in microscale deformation for these two RVEs. The inset to Fig. 19b illustrates
a region within the 200 PAG model containing approximately 50 PAGs to allow for direct
comparison between the two models. It may be seen that the strain patterns are very similar.
Specifically, the ratios of shear band width (ds) over PAG width (D) for the 50 PAG model
is 0.53± 0.09, while for the 200 PAG model ds/D = 0.49± 0.08. These values agree (within
30
the standard deviation) justifying the use of a 50 PAG RVE in the simulations presented in
this paper.
31
